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Abstract
Within the framework of Brans-Dicke gravity, we investigate inflation with the quartic potential,
λϕ4/4, in the presence of generalized Brans-Dicke parameter ωGBD(ϕ). We obtain the inflationary
observables containing the scalar spectral index, the tensor-to-scalar ratio, the running of the
scalar spectral index and the equilateral non-Gaussianity parameter in terms of general form of
the potential U(ϕ) and ωGBD(ϕ). For the quartic potential, our results show that the predictions
of the model are in well agreement with the Planck 2015 data for the generalized Brans-Dicke
parameters ωGBD(ϕ) = ω0ϕ
n and ω0e
bϕ. This is in contrast with both the Einstein and standard
Brans-Dicke gravity, in which the result of quartic potential is disfavored by the Planck data.
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I. INTRODUCTION
Hot Big Bang theory has outstanding successes in cosmology, for instance describing the
cosmic microwave background (CMB) radiation and the light nucleosynthesis. In spit of
these successes, it suffers from several problems such as the flatness problem, the horizon
problem and also the magnetic mono-pole problem. Inflation theory was suggested to solve
all of these problems, with the idea that a short period of rapid accelerated expansion has
occurred before the radiation dominated era [1–6]. In addition to solving the problems of
the Hot Big Bang cosmology, inflation can provide a rational explanation for the anisotropy
observed in the CMB radiation and also in the large-scale structure (LSS) of the universe
[7–10]. In the standard inflationary scenario, a canonical scalar field with self interacting
potential V (ϕ) is minimally coupled to the Einstein gravity. Within the framework of stan-
dard inflation, viability of different inflationary potentials in light of the observational data
has been extensively investigated in the literature (e.g. [11–13]). Among other approaches
related with a variety of inflationary models, a very promising approach to inflation is re-
lated with the modified theories of gravity known as Brans-Dicke (BD) gravity, in which a
non-canonical scalar field is non-minimally coupled to the gravitational part of the action.
Historically, in 1961, Brans and Dicke [14] introduced a formalism for gravity according to
Mach’s principle, in which the metric field is coupled to the scalar field to describe the grav-
itational force. BD gravity has been noteworthy frequently since for several reasons. First,
a gravitational scalar field appears in BD theory together with the metric tensor, and a
fundamental scalar coupled to gravity is an inescapable feature of superstring, supergravity,
and M-theories [15–17]. As far as we know, at the experimental point of view the Higgs
boson is only the elementary scalar field of the Standard Model. But at the level of theo-
retical models, in addition to the Higgs field, some other scalar fields also appear in particle
physics and in cosmology, such as the superpartner of spin 1/2 particles in supergravity,
the string dilaton appearing in the supermultiplet of the higher-dimensional graviton, or
non-fundamental fields like composite bosons and fermion condensates. Second, the most
potent motivation for the study of BD gravity comes from this reality that the low energy
limit of the bosonic string theory equivalent to a BD theory with ωBD = −1, also ωBD = −3
is obtained from a less conventional string theory [15, 16]. A further interest in BD gravity
emanates from the extended and hyperextended inflationary scenarios of the early universe
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[18].
All mentioned in above motivate us to investigate the cosmic inflation of the early universe
within the framework of the BD gravity in which the constant BD parameter is generalized
to a function of scalar field, i.e. ωGBD(ϕ). Our main aim is to examine the viability of the
quartic potential U(ϕ) = λϕ4/4 in light of the Planck 2015 results. Note that the result of
this potential in both the Einstein [19] and standard BD gravity [20] is disfavored by the
Planck data. The paper is organized as follows. In section II, we investigate inflation in the
generalized BD setting. We introduce the background equations as well as the scalar and
tensor power spectrum. Then we obtain the inflationary observables in terms of the slow
roll parameters. In section III, for a quartic potential with two choices of the generalized
BD parameter containing the power-law and exponential functions of the scalar field, we
examine the predictions of the model in light of the Planck 2015 data. Section IV is devoted
to our conclusions.
II. INFLATION IN THE GENERALIZED BD GRAVITY
The action of generalized BD gravity in the Jordan frame is given by [18, 21–25]
S =
1
2
∫
d4x
√−g
[
ϕR− ωGBD(ϕ)
ϕ
gµν∂µϕ∂νϕ− 2U(ϕ)
]
, (1)
where R, ϕ, ωGBD(ϕ) and U(ϕ) are the Ricci scalar, the scalar field, the generalized
BD parameter and the self interacting potential, respectively. Note that for the case of
ωGBD(ϕ) = ω0 = cte., the action (1) reduces to the standard BD gravity. Here we take
MP = (8piG)
−1/2 = 1. For a spatially flat Friedmann-Robertson-Walker (FRW) universe,
the Friedmann equations in generalized BD gravity take the forms [21].
3ϕH2 + 3Hϕ˙− 1
2
ω(ϕ)ϕ˙2 − U(ϕ) = 0, (2)
−2ϕH˙ − ϕ¨+Hϕ˙− ω(ϕ)ϕ˙2 = 0, (3)
where ω(ϕ) ≡ ωGBD(ϕ)/ϕ and the dot denotes a derivative with respect to the cosmic time
t. Also the continuity equation reads
ϕ¨+ 3Hϕ˙+
ω,ϕ
2ω(ϕ)
ϕ˙2 +
U,ϕ
ω(ϕ)
− 6H
2
ω(ϕ)
− 3H˙
ω(ϕ)
= 0, (4)
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where ω,ϕ ≡ dω/dϕ and U,ϕ ≡ dU/dϕ. Using the slow-roll conditions |ϕ˙| ≪ |Hϕ| and
|ϕ¨| ≪ |3Hϕ˙|, Eqs. (2) and (4) reduce to
3ϕH2 ≃ U(ϕ), (5)
3Hϕ˙ ≃ −
(
2
2ω(ϕ)ϕ+ 3
)[
ϕUϕ − 2U(ϕ) + ω,ϕϕϕ˙2
]
. (6)
Replacing H from Eq. (5) into (6) gives
ϕ˙ ≃
−
√
3U(ϕ)
ϕ
(
2ω(ϕ)ϕ+ 3
)±
√
3U
(
2ω(ϕ)ϕ+3
)
2
−16ϕ2
(
ϕU,ϕ−2U(ϕ)
)
ω,ϕ
ϕ
4ϕ ω,ϕ
, (7)
where we choose the positive sign in Eq. (7). Because, our numerical results presented in
section III shows that the negative sign has no end for inflation. Now we turn to calculate
the inflationary observable parameters. To this aim, we need to obtain the scalar and
tensor power spectrum. Using the perturbed equations in the scalar-tensor gravity which
is a general theory that includes the BD gravity, the power spectrum of the curvature
perturbation in the slow-roll approximation takes the form [21]
Ps ≃ 1
Qs
(
H
2pi
)2∣∣∣
k=aH
, (8)
where Ps should be evaluated at the time of horizon exist, i.e. k = aH . Here
Qs ≡
ω(ϕ)ϕ˙2 + 3ϕ˙
2
2ϕ(
H + ϕ˙
2ϕ
)2 . (9)
The recent value of the scalar perturbation amplitude has been estimated as Ps = (2.139±
0.063)× 10−9 (Planck 2015 TT,TE,EE+lowP data) [19].
The scale-dependence of the scalar power spectrum is determined by the scalar spectral
index ns. In the slow roll approximation, it reads
ns − 1 ≡ d lnPs
d ln k
≃ −4ε1 − 2ε2 + 2ε3 − 2ε4, (10)
where εi, (i = 1, 2, 3, 4) are the slow-roll parameters defined as [21, 26]
ε1 ≡ − H˙
H2
, ε2 ≡ ϕ¨
Hϕ˙
, ε3 ≡ ϕ˙
2Hϕ
, ε4 ≡ E˙
2HE
, (11)
and
E ≡ ω(ϕ)ϕ+ 3
2
. (12)
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The scalar spectral index measured by the Planck 2015 is about ns = 0.9645± 0.0049 (68%
CL) [19].
From Eq. (10), one can calculate the running of the scalar spectral index as
dns
d ln k
≃ −8ε21 + 2ε22 − 4ε23 + 4ε24 − 2ε1ε2 + 4ε1ε3 − 4ε1ε4. (13)
The recent measured value of this parameter is dns/d ln k = 0.0057±0.0071 (68% CL, Planck
2015 TT,TE,EE+lowP data) [19].
The power spectrum of tensor perturbations can be realized in a similar approach that
was followed for deriving the scalar perturbations. In the slow-roll regime, it is given by [21]
Pt ≃ 2
pi2
H2
ϕ
∣∣∣
k=aH
. (14)
The tensor spectral index nt which shows the deviation of the tensor power spectrum from
the scale invariance regime, can be obtained as
nt ≡ d lnPt
d ln k
≃ −2ε1 − 2ε3. (15)
Using Eqs. (8) and (14), the tensor-to-scalar ratio r in the slow-roll approximation turns
into
r ≡ PtPs ≃ 8
Qs
ϕ
. (16)
The recent constraint on this observable has been obtained by Planck satellite as r < 0.1
(95% CL, Planck 2015 TT,TE,EE+lowP data) [19].
Note that although calculations in the Einstein frame is more intuitive, we obtained the
inflationary observables in the Jordan frame which is our physical frame. The equivalence
between the Einstein frame and the Jordan frame has already been shown for the scalar-
tensor theories in [21, 27]. It was pointed out that this equivalence is a consequence of
the fact that both the scalar and tensor spectra, i.e. Ps and Pt, are unchanged under the
conformal transformation [21, 27].
Another important observable predicted by inflation is non-Gaussianity parameter fNL
which determines the variance of perturbations from the Gaussian distribution (for review
see e.g. [28, 29]). Different inflationary models predict maximal signal for different shapes of
non-Gaussianity. The squeezed shape is the predominant mode of models with multiple light
fields during inflation. Also, for the single field inflationary models with non-canonical kinetic
terms, the non-Gaussianity parameter has peak in the equilateral shape. Furthermore, the
5
folded non-Gaussianity becomes predominant in models with non-standard initial conditions
[30, 31]. The equilateral non-Gaussianity parameter for the scalar-tensor gravity has been
obtained in [27] as
f equilNL ≃
55
36
εs +
5
12
ηs, (17)
where
εs ≡ − H˙
H2
+
ϕ˙
Hϕ
, ηs ≡ ε˙s
Hεs
. (18)
The number of e-folds before inflation ends is defined as
N = −
∫ ϕ
ϕe
H
ϕ˙
dϕ, (19)
where H and ϕ˙ are given by Eqs. (5) and (7), respectively. Here ϕe is the scalar field at the
end of inflation and it is determined by the condition ε1 = 1. The anisotropies observed in
the CMB is equivalent to the perturbations whose wavelengths crossed the Hubble radius
around N∗ ≈ 50 − 60 before the end of inflation [32, 33]. In what follows, for the quartic
potential U(ϕ) = λϕ4/4 and two special choices of the generalized BD parameter ωGBD(ϕ),
we obtain the inflationary observables in term of ϕ. Then using the e-fold number (19),
we calculate the scalar field ϕ∗ at the time of horizon exit (N∗ = 50 − 60), numerically.
Therefore, we can plot the r − ns diagram for the model and examine its viability in light
of the Planck 2015 results. In addition, we estimate the running of the scalar spectral index
dns/d ln k and the equilateral non-Gaussianity f
equil
NL for our model and compare their results
with the observations.
III. QUARTIC POTENTIAL AND GENERALIZED BD PARAMETER
Here, we consider a quartic potential as follows
U(ϕ) =
λ
4
ϕ4, (20)
which is one of the simplest chaotic inflationary potentials [34, 35]. Quartic potential in the
standard model of inflation which is based on the Einstein gravity, runs into trouble with
the CMB [19]. Because, its prediction for the tensor-to-scalar ratio r is too large and it is
in disagreement with the current constraint r < 0.1 deduced from the Planck 2015 data.
Also, the prediction of quartic potential in the standard BD gravity is disfavored by the
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Planck 2015 results [20]. In [36], it was shown that in the context of standard BD theory,
the potential (20) can justify the late-time accelerated phase of the universe. It was pointed
out that the scalar field ϕ in BD gravity can play the role of the dynamical Λ and describe
the missing energy. Authors of Ref.[36] also computed different parameters like the age of
the universe, the luminosity-distance redshift relation and the time variation of gravitational
coupling and show that the aforementioned cosmological parameters agree quite well with
the observations.
It is well known that within the framework of standard BD gravity, the constant BD
parameter has constraint ωBD > 10
5 from the solar system test. On the other hand, it was
shown that the smaller values of this parameter are needed to justify the late time accelerated
expansion of the universe driven by dark energy [37]. In [38], it was elaborated that in the
framework of BD gravity with the scalar field dependent BD parameter ωGBD(ϕ) = ω0ϕ
n,
one can unify a decelerating radiation dominated era in the early time and an accelerated
dark energy dominated era in the late time. The generalized BD theory containing a time-
dependent BD parameter ωGBD(t) was introduced by [39, 40]. The BD theory with time
varying ω(t) emerges naturally in Kaluza-Klein theories, supergravity theory and in all
the well-known effective string actions [17, 41]. For some special functions of ω(ϕ), the
generalized BD gravity acts like as graviton-dilaton theory [42]. In addition, a few attempts
have been done to study the dynamics of the universe in generalized BD scenario. For
instance, for large ω(t), BD theory gives the correct amount of inflation and early and
late time behavior, and for small negative ω(t), it correctly explains cosmic acceleration,
structure formation and coincidence problem [43]. In what follows, we consider two choices
for the generalized BD parameter as ωGBD(ϕ) = ω0ϕ
n and ω0e
bϕ, and examine the viability
of the quartic inflationary potential (20) in light of the Planck 2015 results.
A. Power-law generalized BD parameter
For the first model of ωGBD(ϕ), we consider a power-law generalized BD parameter given
by [38, 44]
ωGBD(ϕ) = ω0ϕ
n, (21)
where ω0 and n are constant. For the case of n = 0, Eq. (21) recovers the standard BD
gravity. To constrain the parametric space of the model containing ω0 and n, we initially
7
FIG. 1: First slow-roll parameter of quartic potential (20) for the model (21) versus the scalar
field. Here n = 3 and ω0 = 10. In general, the end of inflation constraint (ε1 = 1) is respected for
1 < n < 4 and ω0 > 0.
check the first slow-roll parameter to satisfy both the slow roll approximation (ε1 ≪ 1)
during inflation and the condition of end of inflation (ε1 = 1). Our numerical results show
that inflation ends just for 1 < n < 4 and ω0 > 0, otherwise ε1 never arrives to unity.
Variations of the first slow-roll parameter ε1 versus the scalar field is shown in Fig. 1. We
see that during inflation when ϕ decreases, ε1 increases and then goes to unity at the end of
inflation (ε1 ≃ 1). Now with the help of Eq. (19), we calculate ϕ∗ at the horizon exit e-fold
numbers N∗ = 50 and 60, numerically. This enable us to obtain the scalar spectral index ns
and the tensor-to-scalar ratio r from Eqs. (10) and (16), respectively, in terms of ϕ∗. Figure
2 presents the r − ns diagram for the model (21) with N∗ = 50 and N∗ = 60 in comparison
with the observational data. The results have been plotted for 1 < n < 4 and ω0 > 0,
according to end of inflation constraint (ε1 = 1). Note that our numerical calculations show
that the results of r−ns diagram are valid for any given values of ω0 in the range of ω0 > 0.
Figure 2 shows that the result of the model (21) for 2 ≤ n < 4 lies inside the region 95%
CL of Planck 2015 TT,TE,EE+lowP data [19]. This is in contrast with the result of quartic
potential in both the Einstein [19] and standard BD gravity [20] in which the prediction of
model is ruled out by the Planck data. Using Eq. (13), we evaluate the running of the scalar
spectral index dns/d ln k in our model. Figure 3 shows the result of dns/d ln k for 2 ≤ n < 4
which is compatible with the Planck 2015 data. Also using Eq. (17), the equilateral non-
Gaussianity f equilNL for 2 ≤ n < 4 and N∗ = 60 is obtained as 0.013 < f equilNL ≤ 0.019 which
takes place inside the 68% CL region of Planck 2015 TT,TE,EE+lowP data [19].
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FIG. 2: The result of the quartic potential (20) for the model (21) in r − ns plane. The marginal-
ized joint 68% and 95% CL regions of Planck 2013, Planck 2015 TT+lowP and Planck 2015
TT,TE,EE+lowP data [19] are specified by gray, red and blue, respectively. The results for N∗ = 50
and N∗ = 60 are shown by the dashed and solid lines, respectively. Here 1 < n < 4 and ω0 > 0.
FIG. 3: Prediction of the quartic potential (20) for the model (21) in dns/d ln k − ns plane. The
grey, red and blue marginalized joint 68% and 95% CL regions correspond to Planck 2013, Planck
2015 TT+lowP and Planck 2015 TT,TE,EE+lowP data [19], respectively. Here 2 ≤ n < 4, ω0 > 0
and N∗ = 60.
B. Exponential generalized BD parameter
Secondly, we consider another case of the field-dependent coupling with the kinetic energy
as
ωGBD(ϕ) = ω0e
bϕ, (22)
9
FIG. 4: Same as Fig. 1, but for the model (22). Here b = 2 and ω0 = 1.2. In general, the condition
ε1 = 1 is satisfied for 0.09 ≤ ω0 ≤ 1.2 and b > 0.
where ω0 and b are constant. This exponential coupling term is motivated by the dilatonic
coupling in low-energy effective string theory [27]. For the case of b = 0, Eq. (22) turns
into the standard BD model. Here, the free parameters ω0 and b are constrained from the
end of inflation constraint, i.e. ε1 = 1. This limits our parametric space to 0.09 ≤ ω0 ≤ 1.2
and b > 0, see Fig. 4. The r − ns diagram for the model (22) with N∗ = 50 and N∗ = 60 is
plotted in Fig. 5. Note that the numerical result of r− ns diagram is independent of b. We
need just to have b > 0 due to having the end of inflation. Figure 5 shows that, in contrary
to the result of quartic potential in both the Einstein [19] and standard BD gravity [20],
the result of the model (22) for 0.09 ≤ ω0 ≤ 1.2 lies inside the 68% CL region of Planck
2015 TT,TE,EE+lowP data [19]. Also the running of the scalar spectral index predicted by
the model (22) is favored by the Planck 2015 data, see Fig. 6. Furthermore, the equilateral
non-Gaussianity f equilNL for 0.09 ≤ ω0 ≤ 1.2 is obtained as 0.010 ≤ f equilNL ≤ 0.015 which lies
inside the 68% CL region of Planck 2015 TT,TE,EE+lowP data [19].
IV. CONCLUSIONS
Here, we investigated inflation driven by the quartic potential U(ϕ) = λϕ4/4 in the
framework of generalized BD theory with a scalar field dependent BD parameter ωGBD(ϕ).
First, we obtained the necessary relations for the inflationary observables containing the
scalar spectral index ns, the tensor-to-scalar ratio r, the running of the scalar spectral
index dns/d ln k and the equilateral non-Gaussianity f
equil
NL in terms of general functions of
U(ϕ) and ωGBD(ϕ). Then, for the quartic potential U(ϕ) = λϕ
4/4 with the two choices
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FIG. 5: Same as Fig. 2, but for the model (22). Here 0.09 ≤ ω0 ≤ 1.2 and b > 0.
FIG. 6: Same as Fig. 3, but for the model (22). Here 0.09 ≤ ω0 ≤ 1.2, b > 0 and N∗ = 60.
of ωGBD(ϕ) = ω0ϕ
n and ω0e
bϕ, we examined the viability of the models in light of the
Planck 2015 data. Note that the result of the quartic potential in both the Einstein and
standard BD gravity (ωGBD(ϕ) = ω0) is disfavored by the Planck data. For the model
ωGBD(ϕ) = ω0ϕ
n, the result of r−ns diagram for 2 ≤ n < 4 and ω0 > 0 lies inside the region
95% CL of Planck 2015 TT,TE,EE+lowP data [19]. The result of r− ns for another model
ωGBD(ϕ) = ω0e
bϕ with 0.09 ≤ ω0 ≤ 1.2 and b > 0 takes place in the 68% CL region of Planck
2015 TT,TE,EE+lowP data. For the both ωGBD(ϕ) = ω0ϕ
n and ω0e
bϕ, the prediction of
the running of the scalar spectral index dns/d ln k is compatible with the Planck 2015 data.
Furthermore, the equilateral non-Gaussianity predicted by the both models lies inside the
68% CL region of Planck 2015 TT,TE,EE+lowP data [19].
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